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Brown, Booth and Tillotson introduced the C-product, or the BBT C-product, for any class C
of topological spaces. It is proved that any topological space is exponentiable with respect
to the BBT C-product if and only if C is a subclass of the class of exponentiable spaces.
The topology of the function space is induced by a canonical manner making use of
the exponential topology for the spaces in C. It is not the C-open topology in general.
The function space deﬁned by this method enjoys good properties for algebraic topology.
A necessary and suﬃcient condition on the class C is obtained for the exponential function
to be a homeomorphism with the BBT C-product.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Let T op be the category of small topological spaces. A space Y is said to be exponentiable in T op if there exists a system
of function spaces (M(Y , Z))Z∈T op such that the exponential function
e :T op(X × Y , Z) → T op(X,M(Y , Z))
is a well-deﬁned bijection for any spaces X, Z ∈ T op. This simple deﬁnition implies the following conclusions: The topology
of M(Y , Z) is unique and, moreover, the correspondence (Y , Z) → M(Y , Z) induces the functor M :Eop×T op→ T op, where
E is the class of exponentiable spaces in T op. Here, as in the following argument, a class of spaces is also regarded as a full
subcategory of T op. The topology of M(Y , Z) is called the exponential topology (cf. [11,8,9]).
Let C be a class of small topological spaces. Booth and Tillotson [3] deﬁned a ‘product’ ×C :T op × T op → T op which
coincides with the usual Cartesian product on T op× C . We call the product the Brown–Booth–Tillotson C-product or the BBT
C-product (see Deﬁnition 2.1 and [4,5,3]. If no confusion is likely to arise by context, we also refer to the BBT C-product
simply as the C-product or the BBT-product). The BBT C-product leads us to the following deﬁnition: A space Y is said to
be C-exponentiable (or exponentiable with respect to the BBT C-product) in T op if there exists a system of function spaces, say
(MC(Y , Z))Z∈T op , such that the exponential function
e :T op(X ×C Y , Z) → T op
(
X,MC(Y , Z)
)
is a well-deﬁned bijection for any X, Z ∈ T op (see Deﬁnition 2.12): The topology of MC(Y , Z) is uniquely determined and
called the C-exponential topology (or exponential topology with respect to the BBT C-product). We see that the inclusion C ⊂ E
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Y ∈ T op is C-exponentiable (Theorem 2.13). If C ⊂ E , then the topology MC(Y , Z) coincides with the topology given by
a well-known construction:
CM(Y , Z) =
(T op(Y , Z),Oini
{
ϕ∗ :T op(Y , Z) → M(K , Z) ∣∣ ϕ ∈ CY }),
where CY is the class of the C-test maps on Y and Oini means the initial topology (see Deﬁnition 2.4 and Theorem 2.11).
Moreover, the function space CM(Y , Z) has good properties for algebraic topology as is shown in Section 2.2. However, the
based theory will be discussed in another article. The topology of CM(Y , Z) does not coincide with the C-open topology
C(Y , Z) in general, and their relations are studied in the last section (cf. Remark 5.4).
We next obtain conditions which make every exponential function (with the BBT C-product) a homeomorphism. We
deﬁne a class of spaces for each class C:
C = {Y ∈ T op | X ×C Y = X × Y for any space X} (Deﬁnition 3.10).
The inclusion C ⊂ C holds. We see E = E by Proposition 4.10(1). The following axiom for C is introduced (conditions on C
are referred to as axioms).
(P) K × L ∈ C for any K , L ∈ C .
Axiom (P) is satisﬁed if C satisﬁes the following simple axiom:
(P) K × L ∈ C for any K , L ∈ C .
Assume that C ⊂ E and that C satisﬁes (P). Then the exponential function
e :CM(X ×C Y , Z) → CM
(
X,CM(Y , Z)
)
is a natural homeomorphism for any spaces X , Y and Z in T op (Theorem 3.13). This theorem can be applied to the case
C =Lcpt, the class of locally compact spaces, and a theorem is obtained which improves some old theorems: If X is Hausdorff
or regular and Y is locally compact, then the exponential function e :Ccpt(X × Y , Z) → Ccpt(X,Ccpt(Y , Z)) is a homeomorphism
(Theorem 3.16; see Remark 3.17 and also see Remark 3.8(2) for the terminology), where Ccpt(X, Z) is the set of maps
T op(X, Z) with the compact-open topology.
Moreover, it is possible to characterize the exponential homeomorphisms. Suppose that C ⊂ E ; then C satisﬁes (P)
if and only if every exponential function e :CM(X ×C Y , Z) → CM(X,CM(Y , Z)) is a natural homeomorphism (Theo-
rem 4.1). Another exponential homeomorphism with respect to kC-spaces is also discussed, where kC-space kC X is the
k-space induced on a space X by the class C (see Section 2 for the deﬁnition). When C ⊂ E , the exponential function
e :kCCM(kC(X × Y ), Z) → kCCM(kC X,kCCM(kCY , Z)) is a natural homeomorphism for any spaces X, Y , Z ∈ T op if and only
if the following condition holds for C by Theorem 4.4, where KC is the category of kC-spaces in T op (some other conditions
are also equivalent to the condition by this theorem):
(˜P) K × L ∈KC for any K , L ∈ C .
It follows that e :CM(kC(X × Y ), Z) → CM(kC X,CM(kCY , Z)) is a natural homeomorphism for any spaces X, Y , Z ∈ T op if
and only if C satisﬁes Axioms (P) and (˜P) (Theorem 4.7).
In the last part of Section 4, we study further properties of the classes C and Ĉ = {Y ∈ T op | X × Y ∈KC for any X ∈KC}
and C˜ = Ĉ ∩ E in connection with Axioms (P) and (˜P) for C .
It is known that various topologies are deﬁned on T op(Y , Z) by the C-open topology, including the compact-open
topology. In the last section, the results in the previous sections are applied to the study of the exponential topology
deﬁned by the C-open topology. The C-open topology C(Y , Z) is deﬁned on the set T op(Y , Z) for any spaces Y , Z ∈ T op
by the set-open topology of Arens and Dugundji [1] (see Section 5 for the deﬁnition). We study the C-open topology with
axioms imposed on C . We see C ⊂ E and C(Y , Z) = CM(Y , Z) for any Y , Z ∈ T op if and only if C satisﬁes Axioms (Pr)
and (Ad), which are proper and admissible conditions on C , respectively, for the C-open topology (Theorem 5.5). In [17] we
noted the usefulness of Axiom (P), which was already referred to, and the following two Axioms (C) and (L) for the class C:
(C) Any space in C is compact;
(L) Any space in C is locally C-imaged.
We see that Axiom (C) implies (Pr) (Proposition 5.11) and Axiom (L) implies (Ad) (Proposition 5.14). In Theorems 5.7
and 5.8, making use of Axioms (Pr), (Ad), (P) and (˜P) for C , we characterize the classes C which make the exponential
function a bijection or a homeomorphism, including the case of kC-spaces. For example: The class C satisﬁes (Pr), (Ad) and (P)
if and only if the exponential function e :C(X ×C Y , Z) → C(X,C(Y , Z)) is a homeomorphism for any spaces X, Y and Z (Theo-
rem 5.7(2)). Concerning this theorem, Booth and Tillotson obtained a suﬃcient condition on C for the exponential function
2266 Y. Hirashima, N. Oda / Topology and its Applications 156 (2009) 2264–2283e :T op(X ×C Y , Z) → T op(X,C(Y , Z)) to be a bijection for any spaces X , Y and Z (Theorem 2.4(i) of [3]). They also ob-
tained a suﬃcient condition on C for each exponential bijection to be a homeomorphism (Theorem 2.4(ii) of [3]). It was
known historically that the associativity of the BBT C-product implies the exponential homeomorphism as in the proof of
Theorem 2.4(ii) of [3]. Theorems 5.7 and 5.8 complete their arguments.
2. Induced topologies on T op(Y , Z) and the BBT C-product
Let Set be the category of small sets and T op the category of small topological spaces. A morphism in Set is referred to
as a function. The identity function is denoted by 1X : X → X for any set X . A topological space and a continuous function
are usually referred to as a space and a map, respectively. Let C be a class of small topological spaces. We also regard C
as a full subcategory of T op. We assume that C contains at least one non-empty topological space for simplicity. For any
X ∈ T op, we denote CX = {ϕ : K → X | K ∈ C}, the class of C-test maps on X .
Let X be a set. For any class of functions MX = {α : A → X} (where each A is a topological space), we deﬁne by
Oﬁn(MX ) the ﬁnal topology on X induced by MX . If NX ⊂ MX , then Oﬁn(NX ) ⊃ Oﬁn(MX ). For any class of functions
MX = {α : X → A} (where each A is a topological space), we denote by Oini(MX ) the initial topology on X induced by MX .
If N X ⊂MX , then Oini(N X ) ⊂Oini(MX ).
Let X = (X,O(X)) be any space, where O(X) is the topology of X . The space kC X = (X,O(kC X)) = (X,Oﬁn(CX )),
the k-space induced by C , is deﬁned by the ﬁnal topology induced by the class CX (cf. Vogt [26]). This deﬁnes a functor
kC :T op → T op and a natural transformation ε :kC •−→ 1T op . A space X is called a kC-space if kC X = X . For any space X ,
the space kC X is a kC-space since kC(kC X) = kC X . If X has a ﬁnal topology of maps from kC-spaces, then X is a kC-space.
The category of kC-spaces in T op is denoted by KC . The kC-space X⊗C Y = kC(X×Y ) is the product in KC . If C ⊂D ⊂ T op,
then the identity function 1X :kC X → kD X is continuous, and hence kD(kC X) = kC X = kC(kD X); we see KC ⊂KD .
The exponential function e :Set(X × Y , Z) → Set(X,Set(Y , Z)) is a bijection for any X, Y , Z ∈ Set if it is deﬁned by the
formula e(F )(x)(y) = F (x, y) for any function F : X × Y → Z and any points x ∈ X and y ∈ Y . Various topologies on the sets
X×Y and T op(Y , Z) have been deﬁned by many authors to study the exponential functions in T op. Brown [4,5] introduced
a ‘product’ X ×S Y which is the set X × Y endowed with the topology induced by the ‘natural cover’
S = {a× Y , X × B | a ∈ X and B is a compact subset of Y },
and showed that the exponential function
e :Ccpt(X ×S Y , Z) → Ccpt
(
X,Ccpt(Y , Z)
)
is a homeomorphism for any Hausdorff spaces X, Y and Z . Booth and Tillotson [3] improved the deﬁnition for the study
of the C-open topology. Let ca : X → Z be the constant map whose image is a point a ∈ Z . For any maps f : A → X and
g : A → Y , we deﬁne the map ( f , g) : A → X × Y by ( f , g)(x) = ( f (x), g(x)) for any element x ∈ A.
Deﬁnition 2.1 (The Brown–Booth–Tillotson C-product). ([3,4]) The BBT C-product X ×C Y of spaces X and Y is the set X × Y
endowed with the ﬁnal topology with respect to the family of functions
{
(ca,1Y ) : Y → X × Y
∣∣ a ∈ X}∪ {1X × ϕ : X × K → X × Y | ϕ ∈ CY }.
If no confusion is likely to arise by context, we also refer to the BBT C-product simply as the C-product (cf. §1 of Booth
and Tillotson [3]) or the BBT-product. The identity functions ε1 :kC(X×Y ) → X×C Y and ε2 : X×C Y → X×Y are continuous
and ε = ε2 ◦ ε1 :kC(X × Y ) → X × Y . If K ∈ C , then X ×C K = X × K . If A is a kC-space, then any map f : A → X × Y factors
through maps ′ f : A → kC(X × Y ) and ′′ f : A → X ×C Y as f = ε2 ◦ ′′ f and ′′ f = ε1 ◦ ′ f . We remark that X ×C Y is not
homeomorphic to Y ×C X in general, although there exist homeomorphisms {p} ×C Y ∼= Y ∼= Y ×C {p} for any Y ∈ T op
when C = ∅, {∅}, where {p} is a space of one point (cf. Proposition 1.2 of [3]). If C ⊂ D ⊂ T op, then the identity function
ε : X ×C Y → X ×D Y is continuous for any spaces X, Y ∈ T op.
To study exponential functions in T op, we denote by A(Y , Z) a function space, namely, the set of continuous functions
T op(Y , Z) with an appropriate topology for Y , Z ∈ T op, and consider the case where the correspondence A :Cop × T op →
T op is a functor. Here Cop is the opposite category of C .
Deﬁnition 2.2. We call a functor m :Cop × T op → T op a function-space functor on C if each m(K , Z) is a function space.
Such a function-space functor m is said to be proper on C if each m(K , Z) is proper [1] for any spaces K ∈ C and Z ∈ T op,
that is, e :T op(X × K , Z) → T op(X,m(K , Z)) is well deﬁned for any space X ; a function-space functor m on C is said
to be admissible if each m(K , Z) is admissible [1] for any spaces K ∈ C and Z ∈ T op, that is, the evaluation function
ev :m(K , Z)× K → Z is continuous.
Remark 2.3. The terminology ‘function-space functor’ is used by many authors in various contexts, for example, in Booth
and Tillotson [3, p. 44], Heller [15, p. 186] and Lambrinos [20, p. 63]. In this paper, we study function-space functors such
as m(Y , Z), M(Y , Z), C(Y , Z), Cm(Y , Z), CM(Y , Z), MC(Y , Z), et cetera with some speciﬁed topologies on T op(Y , Z).
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Cm(Y , Z) =
(T op(Y , Z),Oini
{
ϕ∗ :T op(Y , Z) →m(K , Z) ∣∣ ϕ ∈ CY }).
If K ∈ C , then Cm(K , Z) = m(K , Z) for any Z ∈ T op. Therefore, this construction is stable for any function-space func-
tor m, namely, CCm (Y , Z) = Cm(Y , Z) for any spaces Y , Z ∈ T op. If the topology of m(K , Z) is the C-open topology for any
K ∈ C and any Z ∈ T op, then Cm(Y , Z) coincides with C(Y , Z) which is the function space deﬁned by the C-open topology
on T op(Y , Z) (cf. Theorem 5.3).
By the following proposition, we see that the correspondence Cm :T opop × T op→ T op deﬁned by Deﬁnition 2.4 is also
a function-space functor which is an extension of the original function-space functor m :Cop ×T op→ T op. The proof of the
following proposition is straightforward and is omitted (cf. Proof of Proposition 2.6).
Proposition 2.5. Let m :Cop ×T op→ T op be a function-space functor and X, X ′ , Y , Y ′ any spaces in T op. Then the following results
hold.
(1) If f : Y ′ → Y is continuous, then the induced function f ∗ :Cm(Y , Z) → Cm(Y ′, Z) is continuous.
(2) If g : Z → Z ′ is continuous, then the induced function g∗ :Cm(Y , Z) → Cm(Y , Z ′) is continuous.
An injection f : X → Y in T op is called an embedding if f : X → Im f is a homeomorphism, where Im f has the subspace
topology by Y .
Proposition 2.6. Let m :Cop × T op→ T op be any function-space functor.
(1) If a surjective map f : Y ′ → Y induces a surjection f∗ :CY ′ → CY , then f ∗ :Cm(Y , Z) → Cm(Y ′, Z) is an embedding.
(2) If an injective map g : Z → Z ′ induces an embedding g∗ :m(K , Z) → m(K , Z ′) for any space K ∈ C , then g∗ :Cm(Y , Z) →
Cm(Y , Z ′) is an embedding for any space Y ∈ T op.
Proof. (1) Any C-test map ϕ : K → Y factors as ϕ = f ◦ψ for a C-test map ψ : K → Y ′ by assumption. Consider the following
commutative diagram:
Cm(Y , Z)
ϕ∗
f ∗
Cm(Y ′, Z)
ψ∗
m(K , Z)
For any open set U of m(K , Z), we see (ϕ∗)−1(U ) = ( f ∗)−1((ψ∗)−1(U )), where (ψ∗)−1(U ) is an open set in Cm(Y ′, Z). It
follows that the injection f ∗ is an embedding.
(2) Let ϕ : K → Y be any C-test map. For any open set U of m(K , Z), there exists an open set V of m(K , Z ′) such that
U = (g∗)−1(V ) by assumption
Cm(Y , Z)
ϕ∗
g∗ Cm(Y , Z ′)
ϕ∗
m(K , Z)
g∗ m(K , Z ′)
It follows that (ϕ∗)−1(U ) = (g∗)−1((ϕ∗)−1(V )). Since (ϕ∗)−1(V ) is an open set of Cm(Y , Z ′), we see that the injection g∗ is
an embedding. (Remark: If m(K , Z) is deﬁned by the C-open topology, then an embedding g : Z → Z ′ induces an embedding
g∗ :m(K , Z) →m(K , Z ′) for any space K ∈ C by Lemma 4 of [16], and hence g∗ :Cm(Y , Z) → Cm(Y , Z ′) is also an embedding
for any space Y ∈ T op.) 
Corollary 2.7. Let m :Cop × T op → T op be any function-space functor. Assume that Y is a topological space and Y ′ is a topological
space with the same underlying set Y . If the identity functions ε1 :kCY → Y ′ and ε2 : Y ′ → Y are continuous, then the following
inclusions
Cm(Y , Z) ⊂ Cm(Y ′, Z) ⊂ Cm(kCY , Z)
are embeddings for any space Z ∈ T op.
Although our main interest in this paper is the exponentiable spaces, we consider two aspects of the exponentiability,
namely, proper and admissible parts, and we state them separately to clarify the principle of the exponentiability: The
following theorem shows that if a function-space functor m :Cop × T op → T op is proper or admissible on C , then the
function-space functor Cm :T op× T op→ T op is proper or admissible with respect to the BBT-product ×C , respectively.
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(1) If m :Cop × T op→ T op is proper, then the exponential function
e :T op(X ×C Y , Z) → T op
(
X,Cm(Y , Z)
)
is well deﬁned for any space Y ∈ T op.
(2) If m :Cop × T op→ T op is admissible, then the evaluation function
ev :Cm(Y , Z)×C Y → Z
is continuous for any space Y ∈ T op.
Proof. (1) Consider the following diagram:
Set(X × Y , Z) e Set(X,Set(Y , Z))
T op(X ×C Y , Z)
⋃
(i)
(ii)
Set(X,T op(Y , Z))
⋃
T op(X,Cm(Y , Z))
⋃
Reduction (i): Let F : X ×C Y → Z be any map. Let x be any point of X . Then
e(F )(x) = F (x, ·) = F ◦ (cx,1Y ) : Y → X ×C Y → Z
is continuous by the topology of X ×C Y , and hence e(F )(x) ∈ T op(Y , Z).
Reduction (ii): Let F : X ×C Y → Z be any map. We have to show that ϕ∗ ◦ e(F ) : X → Cm(Y , Z) →m(K , Z) is continuous
for any C-test map ϕ : K → Y . Since (ϕ∗ ◦ e(F ))(x) = F (x,ϕ(·)) = e(F ◦ (1X × ϕ))(x) for any x ∈ X , we see that ϕ∗ ◦ e(F ) =
e(F ◦ (1X × ϕ)), which is continuous, since the exponential function e :T op(X × K , Z) → T op(X,m(K , Z)) is well deﬁned
for any K ∈ C .
(2) (i) ev ◦ (c f ,1Y ) = f : Y → Cm(Y , Z)× Y → Z is continuous for any f ∈ Cm(Y , Z).
Y
f
(c f ,1Y )
Cm(Y , Z)× Y
ev
Z
(ii) Consider the following commutative diagram:
Cm(Y , Z)× K 1C×ϕ
ϕ∗×1K
Cm(Y , Z)× Y
ev
m(K , Z)× K evK ,Z Z
where 1C is an identity function and ϕ : K → Y is any C-test map. Since evK ,Z is continuous by assumption, we see that
ev ◦ (1C × ϕ) is continuous. 
Theorem 2.9. If m :Cop × T op→ T op is a proper and admissible function-space functor, then the exponential function
e :T op(X ×C Y , Z) → T op
(
X,Cm(Y , Z)
)
is a well-deﬁned bijection for any spaces X, Y , Z ∈ T op.
Proof. By Theorem 2.8(1), the exponential function e is well deﬁned, and by Theorem 2.8(2), it is surjective. 
2.1. Exponentiability with respect to the BBT-product
For information about exponentiable spaces and exponential topologies, the reader is referred to Chapter II-4 of [13] by
Gierz, Hofmann, Keimel, Lawson, Mislove and Scott, or [11] by Escardó, Lawson and Simpson.
A space K is said to be exponentiable in T op if there exists a function space M(K , Z) deﬁned on the set T op(K , Z) for
each space Z in T op such that the exponential function
e :T op(X × K , Z) → T op(X,M(K , Z))
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topology. Let E be the class of exponentiable spaces in T op. We see E ⊃ Lcpt, the class of locally compact spaces, with
M(K , Z) = Ccpt(K , Z) for any K ∈Lcpt. The class E is closed under disjoint unions and ﬁnite Cartesian products; moreover, if
Y1, Y2 ∈ E and Z ∈ T op, then M(Y1×Y2, Z) → M(Y1,M(Y2, Z)) is a homeomorphism for any space Z ∈ T op. The evaluation
function ev :M(K , Z)× K → Z is continuous for any spaces K ∈ E and Z ∈ T op. (See, for example, Section 2 of [11] for the
results above.)
Theorem 2.10. M :Eop × T op→ T op is a proper and admissible function-space functor.
Proof. We see that if K ∈ E and Y , Z ∈ T op, then g∗ :M(K , Y ) → M(K , Z) is continuous for any map g : Y → Z by
Lemma 2.3 of [11].
To see that f ∗ :M(L, Z) → M(K , Z) is continuous for any map f : K → L and any spaces K , L ∈ E and Z ∈ T op, consider
the composite map
ev ◦ (1M × f ) :M(L, Z)× K → M(L, Z)× L → Z .
Since e :T op(M(L, Z)×K , Z) → T op(M(L, Z),M(K , Z)) is well deﬁned, we see that f ∗ = e(ev◦(1× f )) :M(L, Z) → M(K , Z)
is continuous. 
The following result is obtained as a direct consequence of Theorems 2.9 and 2.10.
Theorem 2.11. If C ⊂ E , then the exponential function
e :T op(X ×C Y , Z) → T op
(
X,CM(Y , Z)
)
is a well-deﬁned bijection for any spaces X, Y , Z ∈ T op.
Deﬁnition 2.12. A space Y is said to be C-exponentiable (or exponentiable with respect to the BBT-product ×C ) in T op if there
exists a function space MC(Y , Z) for any space Z ∈ T op such that
e :T op(X ×C Y , Z) → T op
(
X,MC(Y , Z)
)
is a well-deﬁned bijection for any space X ∈ T op.
The topology MC(Y , Z) is unique (as is shown by the same method as the exponential topology) and called the
C-exponential topology (or exponential topology with respect to the BBT-product ×C ). The following theorem characterizes the
exponentiability with respect to the BBT-product.
Theorem 2.13. The inclusion C ⊂ E holds if and only if any space Y in T op is C-exponentiable.
Proof. Suppose ﬁrst that C ⊂ E . Then by Theorem 2.11, we see that
e :T op(X ×C Y , Z) → T op
(
X,CM(Y , Z)
)
is a well-deﬁned bijection for any spaces X, Y , Z ∈ T op. We see that CM = MC .
Conversely, suppose that e :T op(X ×C Y , Z) → T op(X,MC(Y , Z)) is a well-deﬁned bijection for some function space
MC(Y , Z) and any spaces X, Y , Z ∈ T op. If K ∈ C , then we see that X ×C K = X × K and hence the exponential function
e :T op(X × K , Z) → T op(X,MC(K , Z)) is a well-deﬁned bijection for any spaces X, Z ∈ T op. It follows that any space K
in C is exponentiable and M = MC . 
Remark 2.14. The topology CM(Y , Z) was studied for the space of C-continuous functions by Escardó, Lawson and Simpson
(see p. 113 of [11]).
If C ⊂D ⊂ E , then the identity function 1T op(Y ,Z) : DM(Y , Z) → CM(Y , Z) is continuous for any spaces Y and Z .
If C ⊂ E , then the identity function M(K , Z) → CM(K , Z) is continuous for any K ∈ E and Z ∈ T op by the deﬁnition of
the topology of CM(K , Z).
2.2. Some properties of CM(Y , Z)
We study the composition function and the functions σ , ξ , κ , γ and η, which were studied in [17] with the C-open
topology.
The composition function ◦ :T op(Y , Z) × T op(X, Y ) → T op(X, Z) is deﬁned by ◦(g, f ) = g ◦ f , the composition of
functions g ∈ T op(Y , Z) and f ∈ T op(X, Y ). Any maps f : K → X and g : K → Y deﬁne a map σ( f , g) : K → X × Y by
the universality of the product space X × Y . Then the natural function σ :T op(K , X) × T op(K , Y ) → T op(K , X × Y ) is
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T op(B, Z) → T op(A  B, Z) is well deﬁned.
We ﬁrst study the continuity of the functions deﬁned above for the function spaces M(K , Z) for any spaces K ∈ C ,
Z ∈ T op and then for the function spaces CM(X, Z) for any spaces X, Z ∈ T op.
Theorem 2.15.
(1) If K , L ∈ E , then the composition function
◦ :M(L, Z) × M(K , L) → M(K , Z)
is continuous for any space Z ∈ T op.
(2) If K ∈ E , then σ :M(K , X)× M(K , Y ) → M(K , X × Y ) is a homeomorphism for any spaces X, Y ∈ T op.
(3) If K , L ∈ E , then ξ :M(K , Z)× M(L, Z) → M(K  L, Z) is a homeomorphism for any space Z ∈ T op.
Proof. (1) The composite of maps
ev ◦ (1M(L,Z) × ev) :M(L, Z) ×
(
M(K , L)× K )→ M(L, Z)× L → Z
is continuous. Hence the result follows by the exponential bijection. (This proof is known as a categorical one: cf. 5.9.11 of
Brown [7].)
(2) The following bijection implies the result: For any space A, the map σ induces a bijection
σ∗ :T op
(
A,M(K , X)× M(K , Y )) ∼=−→ T op(A,M(K , X × Y )),
because we have a sequence of bijections:
T op(A,M(K , X)× M(K , Y ))∼= T op(A,M(K , X))× T op(A,M(K , Y ))
∼= T op(A × K , X)× T op(A × K , Y )
∼= T op(A × K , X × Y )
∼= T op(A,M(K , X × Y )).
(3) Similarly, we have a bijection
ξ∗ :T op
(
X,M(K , Z)× M(L, Z)) ∼=−→ T op(X,M(K  L, Z))
for any space X ∈ T op. Hence the result follows. (This result is a special case of the proof of Lemma 2.5 of [11].) 
Theorem 2.16. If L ∈ C ⊂ E , then the composition function
◦ :CM(L, Z)× CM(X, L) → CM(X, Z)
is continuous for any spaces X, Z ∈ T op.
Proof. If we denote temporarily the composition function by Φ :CM(L, Z)× CM(X, L) → CM(X, Z), namely, Φ(g, f ) = g ◦ f ,
we have the following commutative diagram for any C-test map ϕ : K → X .
CM(L, Z)× CM(X, L)
1T op(L,Z)×ϕ∗
Φ CM(X, Z)
ϕ∗
M(L, Z)× M(K , L) ◦ M(K , Z)
Since the vertical function on the left-hand side is continuous by deﬁnition and the lower horizontal composition function
is continuous by Theorem 2.15(1), we see that the upper composition function Φ is continuous. 
Remark 2.17. We see that Theorem 2.16 holds for any L ∈ C (Deﬁnition 3.10), since the identity map 1T op(L,Z) :CM(L, Z) →
M(L, Z) in the proof of Theorem 2.16 is a homeomorphism by Proposition 4.10(1).
Theorem 2.18. If C ⊂ E , then the function σ :CM(A, X) × CM(A, Y ) → CM(A, X × Y ) is a homeomorphism for any spaces
A, X, Y ∈ T op.
Y. Hirashima, N. Oda / Topology and its Applications 156 (2009) 2264–2283 2271Proof. Let ϕ : K → A be any C-test map. Then we see that σ :CM(A, X) × CM(A, Y ) → CM(A, X × Y ) is continuous by the
following commutative diagram, where the lower σ is a homeomorphism by Theorem 2.15(2).
CM(A, X)× CM(A, Y )
ϕ∗×ϕ∗
σ CM(A, X × Y )
ϕ∗
M(K , X)× M(K , Y ) σ∼= M(K , X × Y )
Let p1 : X × Y → X and p2 : X × Y → Y be natural projections. If we deﬁne the function ρ :CM(A, X × Y ) → CM(A, X) ×
CM(A, Y ) by ρ( f ) = (p1 ◦ f , p2 ◦ f ) for any f ∈ C(A, X × Y ), the function ρ is continuous by Proposition 2.5(2) and it is
the inverse function of σ . This completes the proof. 
Let γ :CM(A, X) × CM(B, Y ) → CM(A × B, X × Y ) be a function deﬁned by γ ( f , g) = f × g : A × B → X × Y , namely,
(γ ( f , g))(x, y) = ( f (x), g(y)) for any f ∈ CM(A, X), g ∈ CM(B, Y ) and x ∈ A, y ∈ B .
Theorem 2.19. Assume that C ⊂ E . Then the function
γ :CM(A, X)× CM(B, Y ) → CM(A × B, X × Y )
is continuous for any spaces A, B, X, Y ∈ T op.
Proof. Let p1 : A × B → A and p2 : A × B → B be natural projections. The function γ is deﬁned by γ = σ ◦ ((p1)∗ × (p2)∗):
CM(A, X)× CM(B, Y ) → CM(A × B, X)× CM(A × B, Y )
→ CM(A × B, X × Y )
and hence it is continuous by Theorem 2.18. (Remark: Conversely, the continuity of γ implies the continuity of σ .) 
For any spaces X, Y , Z and any point a ∈ Z , we deﬁne the function κ :CM(X, Y ) × Z → CM(X, Y × Z) by κ( f ,a)(x) =
( f (x),a) for any x ∈ X . The following theorem is studied in Theorem 3.1 of [17] for the C-open topology.
Theorem 2.20. Assume that C ⊂ E . Then κ :CM(X, Y )× Z → CM(X, Y × Z) is continuous for any spaces X, Y , Z ∈ T op.
Proof. For any point a ∈ Z , we deﬁne the constant map ca : X → Z by ca(x) = a for any point x ∈ X . Let h : Z → CM(X, Z)
be the function deﬁned by h(a) = ca : X → Z . Let pZ : Z × X → Z be the projection to the ﬁrst factor. In the composition of
functions
T op(Z × X, Z) (ε2)∗−−−→ T op(Z ×C X, Z) e−→ T op
(
Z ,CM(X, Z)
)
,
we see that h = e(pZ ◦ ε2) : Z → CM(X, Z) which is continuous. Then
κ = σ ◦ (1C × h) :CM(X, Y )× Z → CM(X, Y )× CM(X, Z) → CM(X, Y × Z)
is continuous by Theorem 2.18. 
Theorem 2.21. If C ⊂ E , then the function
ξ :CM(A, Z)× CM(B, Z) → CM(A  B, Z)
is a homeomorphism for any spaces A, B, Z ∈ T op.
Proof. For any space X , we have the following bijection by Proposition 2.22 below.
T op(X,CM(A, Z)× CM(B, Z))∼= T op(X,CM(A, Z))× T op(X,CM(B, Z))
∼= T op(X ×C A, Z)× T op(X ×C B, Z)
∼= T op((X ×C A)∐ (X ×C B), Z)
∼= T op(X ×C (A∐ B), Z)
∼= T op(X,CM(A∐ B, Z)).
Since this bijection is induced by ξ , we have the result. 
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and x ∈ X . We have to use the result of Theorem 3.13 in the next section to prove the continuity of η and it is proved in
Theorem 3.14.
A special case of the following proposition is used in the proof of Theorem 2.21.
Proposition 2.22. Let C be any subclass of T op. Let X and Yλ (λ ∈ Λ) be any spaces. Then the identity functions∐
λ∈Λ(X ×C Yλ) ∼= X ×C (
∐
λ∈ΛYλ) and
∐
λ∈Λ(Yλ ×C X) ∼= (
∐
λ∈ΛYλ)×C X
are homeomorphisms.
Proof. We may assume that Yλ = ∅ for any λ ∈ Λ. Then there exists a retraction rλ :∐λ∈Λ Yλ → Yλ such that rλ ◦ jλ = 1Yλ
for each λ ∈ Λ, where jλ : Yλ →∐λ∈Λ Yλ is the inclusion map. Hence there exists a retraction 1X × rλ : X ×C (
∐
λ∈Λ Yλ) →
X ×C Yλ such that
(1X × rλ) ◦ (1X × jλ) = 1X×Yλ : X ×C Yλ 1X× jλ−−−−→ X ×C (
∐
λ∈ΛYλ)
1X×rλ−−−−→ X ×C Yλ.
It follows that 1X × jλ : X ×C Yλ 1X× jλ−−−−→ X ×C (∐λ∈Λ Yλ) is an embedding for any λ ∈ Λ. Moreover, for any λ ∈ Λ, we see
that the set X × Yλ is open in X × (∐λ∈Λ Yλ) and hence the image
(1X × jλ)(X ×C Yλ) = X × Yλ = ε−12 (X × Yλ)
is open in X ×C (∐λ∈Λ Yλ) for the identity map ε2 : X ×C (
∐
λ∈Λ Yλ) → X × (
∐
λ∈Λ Yλ). Thus we see that
∐
λ∈Λ(X ×C Yλ)
is homeomorphic to X ×C (∐λ∈Λ Yλ). Similarly, we have the second homeomorphism. 
3. Exponential homeomorphism for the BBT-product
If the exponential function is a homeomorphism, we call it an exponential homeomorphism, following Booth and Tillot-
son [3].
Proposition 3.1. Let K ∈ E and X ∈ T op. Let MX = {α : A → X} be a class of maps. If ⋃α∈MX Imα = X and the space X has the
ﬁnal topology of the class MX , then the product space X × K has the ﬁnal topology of the class
{α × 1K : A × K → X × K | α ∈ MX }.
Proof. Let F : X × K → Z be any function. Suppose that F ◦ (α × 1K ) : A × K → X × K → Z is continuous for any α : A → X
of MX . We see e(F )(x) ∈ T op(K , Z) for any x ∈ X , because there exists a map α : A → X and an element a ∈ A such that
α(a) = x and hence
e(F )(x) = e(F )(α(a))= e(F ◦ (α × 1K ))(a) ∈ M(K , Z) = T op(K , Z).
Now, we see that the composite function
e(F ) ◦ α = e(F ◦ (α × 1K )) : A → X → M(K , Z)
is continuous for any α : A → X of MX . Then e(F ) : X → M(K , Z) is continuous and hence F is continuous since K ∈ E . 
We now consider a few applications of the theory of the exponentiable space to some interesting topics and prove
systematically some of the results which are useful for algebraic topology, improving related theorems. Let T op∗ be
the category of spaces with base point. For any spaces X, Y ∈ T op∗ , the one point union X ∨ Y and the smash product
X ∧ Y = (X × Y )/(X ∨ Y ) are deﬁned as usual. The following three propositions are proved by standard arguments with
Proposition 3.1; the proofs are omitted.
Proposition 3.2. If K , L ∈ E ∩ T op∗ , then the identity function (K ∧ Y ) ∧ L ∼= K ∧ (Y ∧ L) is a homeomorphism for any space
Y ∈ T op∗ .
For the proof of the following proposition we remark that since K and L are compact spaces with closed base point,
we see that q : K × L → K ∧ L is compact (proper) by Proposition (2.61) of James [19] or 3.6.3 of Brown [7]. It follows that
q × 1X : K × L × X → (K ∧ L)× X is a closed surjective map and hence an identiﬁcation map.
Proposition 3.3. If K ∈ E and K and L are compact spaces with closed base point, then the following homeomorphisms hold for any
space X ∈ T op∗ .
(K ∧ L)∧ X ∼= K ∧ (L ∧ X) ∼= X ∧ (L ∧ K ) ∼= (X ∧ L)∧ K .
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function is a homeomorphism
(X ∧ K )/(A ∧ K ) ∼= (X/A)∧ K .
Remark 3.5. Some special cases of Propositions 3.2–3.4 are proved in some literature; see for example, Proposition (3.2)(i)
of James [19], 5.8.2 of Brown [7], Theorem 6.2.23 of Maunder [21], Proposition (3.2)(ii) of James [19], 5.8.2 of Brown [7],
Proposition (3.3) of James [19].
An elementary proof of the following result is given here by a method which gives the topology of the function space
directly (cf. Theorem 3 of Day and Kelly [9], p. 6 of Day [8] and Lemma 2.6 and Remark 2.7 of [11]).
Theorem 3.6. A space K is exponentiable if and only if q × 1K : A × K → X × K is an identiﬁcation map for any identiﬁcation map
q : A → X.
Proof. If K ∈ E , then we see q × 1K : A × K → X × K is an identiﬁcation map for any identiﬁcation map q : A → X by
Proposition 3.1.
Conversely, suppose that q × 1K : A × K → X × K is an identiﬁcation map for any identiﬁcation map q : A → X . For any
map F : X × K → Z , we have a set function e(F ) : XF = X → T op(K , Z). Let Γ = T op(X × K , Z) and A = ∐F∈Γ XF . We
deﬁne a surjective function Φ : A → T op(K , Z) by Φ | XF = e(F ) : XF → T op(K , Z); the function Φ is surjective, since for
any map g : K → Z , we can deﬁne a map F = g ◦ pK : X × K → K → Z and we have Φ(x) = g for any x ∈ XF . Let CΓ (K , Z)
be the function space deﬁned on the set T op(K , Z) so that Φ : A → CΓ (K , Z) is an identiﬁcation map. It follows that the
exponential function
e :T op(X × K , Z) → T op(X,CΓ (K , Z))
is well deﬁned. Let Ψ : A × K → Z be the map deﬁned by Ψ | XF × K = F : X × K → Z . Then Ψ is continuous and the
following diagram is commutative.
CΓ (K , Z)× K ev Z
A × K
Φ×1K
Ψ
Since Φ × 1K is an identiﬁcation map, the evaluation function CΓ (K , Z)× K → Z is continuous, and hence the exponential
function e in question is a surjection. 
Theorem 3.6 implies that the class E is closed under retraction:
Corollary 3.7. If L ∈ E and K is a retraction of L, then K ∈ E .
Proof. Assume that there exist maps i : K → L and r : L → K such that r ◦ i = 1K . Let q : A → X be any identiﬁcation map
and suppose that F ◦ (q × 1K ) : A × K → X × K → Z is continuous for a function F : X × K → Z . Then F ◦ (1X × r) ◦
(q × 1L) = F ◦ (q × 1K ) ◦ (1A × r) is continuous and hence F ◦ (1X × r) is continuous by Theorem 3.6. It follows that
F = F ◦ (1X × r) ◦ (1X × i) is continuous. 
Remark 3.8. (1) Theorem 3.6 shows that if K is compact Hausdorff or compact regular or locally compact, then q × 1K
is an identiﬁcation map for any identiﬁcation map q : A → X . Some of the related theorems in literature: 4.1 Theorem
(J.H.C. Whitehead) (p. 262) of Dugundji [10], Theorem 6.2.4 of Maunder [21], 4.3.2 of Brown [7]. The identiﬁcation topology
of X × Y is studied, for examples, by Lemma 4 (which essentially implies that if K is locally compact, then q × 1K is an
identiﬁcation map for any identiﬁcation map q : A → X ) of Whitehead [27]; Theorems 2.1 and 3.1 of Michael [23]. We see
standard applications in 4.4 Theorem (p. 263) of Dugundji [10] and Lemma 2.10 of Spanier [24], for example.
(2) In this paper, ‘Hausdorff’ means T2-space, namely any two distinct points are separated by disjoint neighborhoods;
‘regular’ means each point has a fundamental system of closed neighborhoods; and ‘compact’ means quasi-compact space
without assuming T2. A space is said to be locally compact if each point has a fundamental system of compact neighbor-
hoods.
3.1. Axiom (P)
Proposition 3.9. If C ⊂ E , then the following are equivalent for any space Y .
(1) Y ∈ E and M(Y , Z) = CM(Y , Z) for any Z .
(2) X ×C Y = X × Y for any space X.
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T op(X × Y , Z) e
(ε2)
∗
T op(X,M(Y , Z))
(1M )∗
T op(X ×C Y , Z) e T op(X,CM(Y , Z))
the horizontal functions are bijections by the assumption Y ∈ E and Theorem 2.11, where 1M :M(Y , Z) → CM(Y , Z) is the
identity function. Hence the right vertical function is bijective by (1) and so is the left one. It implies (2).
Conversely assume (2). Then
e ◦ (ε2)∗ :T op(X × Y , Z) → T op(X ×C Y , Z) → T op
(
X,CM(Y , Z)
)
is bijective by Theorem 2.11. This means that Y ∈ E and we have M(Y , Z) = CM(Y , Z) by the uniqueness of the exponential
topology, and hence (1) follows. 
The following condition on C was considered, for example, by Vogt as Axiom 2(a) in [26] (we also refer to conditions
on C as axioms):
(P) K × L ∈ C for any K , L ∈ C .
We need a slightly different Axiom (P) below for further arguments. For any subclass C of T op, we deﬁne
Deﬁnition 3.10. C = {Y ∈ T op | X ×C Y = X × Y for any space X}.
If K ∈ C , then X ×C K = X × K for any space X in T op and hence C ⊂ C . If each space of C is compact and Y is locally
C-imaged (see Section 5.2 ‘Some examples’ in Section 5 for the deﬁnition of ‘locally C-imaged’), then X ×C Y = X × Y for
any space X in T op (cf. Proposition 5.9). Hence C is the class larger than the class of locally C-imaged spaces when each
space of C is compact.
We now consider the following axiom for C .
(P) K × L ∈ C for any K , L ∈ C .
The following implication holds.
Proposition 3.11. (P) ⇒ (P).
Theorem 3.12. Assume that C ⊂ E . Then C satisﬁes (P) if and only if the BBT-product ×C is associative.
Proof. Suppose that C satisﬁes (P). By Proposition 1.4(i) of [3], the identity function A : X ×C (Y ×C Z) → (X ×C Y )×C Z is
continuous. Hence we have to show that the identity function A−1 : (X ×C Y )×C Z → X ×C (Y ×C Z) is continuous for any
spaces X , Y and Z in T op. By the deﬁnition of the BBT-product ×C with Proposition 3.1 and the assumption C ⊂ E , the
product space (X ×C Y )×C Z has the ﬁnal topology of a class of maps
(c(x,y),1Z ), (cx,1Y )×ψ, (1X × ϕ)×ψ
(where x ∈ X , y ∈ Y , ϕ : K → Y ,ψ : L → Z for K , L ∈ C); and the product space X ×C (Y ×C Z) has the ﬁnal topology of
a class of maps
(
cx, (cy,1Z )
)
,
(
cx, (1Y ×ψ)
)
, 1X × (α,β)
(where x ∈ X , y ∈ Y , ψ : L → Z for L ∈ C , α : A → X, β : A → Y for A ∈ C). We see (cx, (cy,1Z )) = (c(x,y),1Z ) and
(cx, (1Y ×ψ)) = (cx,1Y )×ψ . Hence we have only to show that
1X × ϕ ×ψ : X × K × L → X ×C (Y ×C Z)
is continuous for any ϕ ∈ CY and ψ ∈ CZ . We see that the product function 1X ×C (ϕ×C ψ) : X ×C (K ×C L) → X ×C (Y ×C Z)
is continuous. Moreover, the identity function X ×C (K ×C L) → X ×C (K × L) → X × K × L is a homeomorphism by the fact
that K , L ∈ C and the condition (P). It follows that 1X × ϕ ×ψ is continuous (cf. proof of Proposition 1.4(ii) of [3]).
Conversely, suppose that the BBT-product is associative. Let K , L ∈ C . Then for any X ∈ T op we see
X ×C (K × L) = X ×C (K ×C L) ∼= (X ×C K )×C L = (X × K )×C L = (X × K )× L ∼= X × (K × L),
namely X ×C (K × L) = X × (K × L) and hence K × L ∈ C . 
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We record here a proof considering our context.
Theorem 3.13. Assume that C ⊂ E and that C satisﬁes (P). Then the exponential function
e :CM(X ×C Y , Z) → CM
(
X,CM(Y , Z)
)
is a natural homeomorphism for any spaces X, Y , Z ∈ T op.
Proof. The set function e :T op(X ×C Y , Z) → T op(X,CM(Y , Z)) is a well-deﬁned bijection for any spaces X, Y , Z ∈ T op by
Theorem 2.11. The evaluation function ev :CM(X ×C Y , Z)×C (X ×C Y ) → Z is continuous by Theorem 2.8(2). Let
A−1 :
(
CM(X ×C Y , Z)×C X
)×C Y → CM(X ×C Y , Z)×C (X ×C Y )
be the homeomorphism in the proof of Theorem 3.12. Then
e = e(e((A−1)∗(ev))) :CM(X ×C Y , Z) → CM(X,CM(Y , Z))
is continuous by Theorem 2.11, where
T op(CM(X ×C Y , Z)×C (X ×C Y ), Z) (A
−1)∗−−−−→ T op((CM(X ×C Y , Z)×C X)×C Y , Z)
e−→ T op(CM(X ×C Y , Z)×C X,CM(Y , Z))
e−→ T op(CM(X ×C Y , Z),CM(X,CM(Y , Z))).
By Theorem 2.8(2), the evaluation function ev :CM(Y , Z) ×C Y → Z is continuous for any spaces Y , Z ∈ T op. If we deﬁne
the set function
 :T op(X,CM(Y , Z))→ T op(X ×C Y , Z)
by (α) = ev ◦ (α × 1Y ) : X ×C Y → CM(Y , Z) ×C Y → Z for any α ∈ T op(X,CM(Y , Z)), then  and e :T op(X ×C Y , Z) →
T op(X,CM(Y , Z)) are reciprocal inverse functions and they are bijections for any spaces X, Y , Z ∈ T op. Moreover, we see
that the function
ev ◦ (ev× 1Y ) ◦ A :CM
(
X,CM(Y , Z)
)×C (X ×C Y ) A−→ (CM(X,CM(Y , Z))×C X)×C Y
ev×1Y−−−−→ CM(Y , Z)×C Y ev−→ Z
is continuous and hence
 = e(ev ◦ (ev× 1Y ) ◦ A) :CM(X,CM(Y , Z))→ CM(X ×C Y , Z)
is well deﬁned and continuous, where e is deﬁned by
T op(CM(X,CM(Y , Z))×C (X ×C Y ), Z) e−→ T op(CM(X,CM(Y , Z)),CM(X ×C Y , Z)). 
Theorem 3.14. Assume that C ⊂ E and that C satisﬁes (P). If L ∈ C , then η :CM(X × L, Z) × L → CM(X, Z) is continuous for any
spaces X, Z ∈ T op.
Proof. The function η is deﬁned by the composite of functions
CM(X × L, Z)× L e×1L−−−→ CM
(
X,CM(L, Z)
)× L κ−→ CM(X,CM(L, Z)× L)= CM(X,CM(L, Z)×C L) ev∗−−→ CM(X, Z),
which is continuous by Theorems 3.13, 2.20 and 2.8(2). 
3.2. Locally compact spaces
Let Lcpt be the class of locally compact spaces. Then Lcpt ⊂ E and M(L, Z) = Ccpt(L, Z) for any L ∈Lcpt and any Z ∈ T op.
The function space LcptM(Y , Z) is deﬁned for any spaces Y , Z ∈ T op by Deﬁnition 2.4.
Since the induced function ϕ∗ :Ccpt(Y , Z) → Ccpt(K , Z) = M(K , Z) is continuous for any K ∈ Lcpt and any map
ϕ : K → Y , the identity function 1C :Ccpt(Y , Z) → LcptM(Y , Z) is continuous; it is a homeomorphism, for example, in the
cases where Y is Hausdorff, regular or locally compact, as is shown by the following proposition.
Proposition 3.15. If for every compact subset K of a space Y there exists a locally compact subset L of Y such that K ⊂ L, then the
continuous identity function 1C :Ccpt(Y , Z) → LcptM(Y , Z) is an open map, and hence it is a homeomorphism.
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deﬁnition of W (K ,U )). Let L be a locally compact subset of Y such that K ⊂ L. Let i : L → Y be the inclusion map and let
i∗ : LcptM(Y , Z) → LcptM(L, Z) = Ccpt(L, Z) be the induced map. The set WL(K ,U ) = { f ∈ T op(L, Z) | f (K ) ⊂ U } is an open
set of Ccpt(L, Z), and since we have W (K ,U ) = (i∗)−1(WL(K ,U )) in LcptM(Y , Z) (cf. Theorem 5.3), the result follows. 
Theorem 3.16. If X is Hausdorff or regular and Y is locally compact, then the exponential function
e :Ccpt(X × Y , Z) → Ccpt
(
X,Ccpt(Y , Z)
)
is a homeomorphism for any space Z ∈ T op.
Proof. We see E ⊃Lcpt which satisﬁes Axiom (P). Then, for any space Y ∈Lcpt, the exponential function
e : LcptM(X × Y , Z) → LcptM
(
X, LcptM(Y , Z)
)
is a homeomorphism for any spaces X, Y , Z ∈ T op by Theorem 3.13.
Let pX : X × Y → X be the projection to the ﬁrst factor. For every compact subset K of X × Y , the image pX (K ) is locally
compact if X is Hausdorff or regular. It follows that the product set pX (K )× Y is a locally compact subset of X × Y which
contains K and hence LcptM(X × Y , Z) = Ccpt(X × Y , Z) by Proposition 3.15. Since X is Hausdorff or regular, and Y is locally
compact, we get LcptM(X, LcptM(Y , Z)) = Ccpt(X,Ccpt(Y , Z)) by Proposition 3.15. 
Remark 3.17. We proved the homeomorphism of Theorem 3.16 with the condition that ‘Y is locally compact’. However, it
is known historically with additional condition ‘Hausdorff ’ or ‘regular’ for Y , for example: Corollary (1.3) of Jackson [18],
5.3 (p. 265) of Dugundji [10], Proposition (2.103) of James [19]. If both X and Y are locally compact, then the result follows
by the deﬁnition of the topology of LcptM(Y , Z) and Theorem 3.13 (for C =Lcpt); it is a result of Proposition 3.2 of Vogt [26].
Remark 3.18. Since 1C :Ccpt(Y , Z) → LcptM(Y , Z) is continuous, the evaluation function ev :Ccpt(Y , Z) ×Lcpt Y → Z is con-
tinuous for any spaces Y , Z ∈ T op.
4. Conditions for exponential homeomorphism
In this section we study exponential homeomorphisms and some properties of the classes C , Ĉ and C˜ . In both cases,
Axioms (P) and (˜P) play important roles.
4.1. Exponential homeomorphism and Axioms (P) and (˜P)
We characterize the following types of exponential homeomorphisms
e :CM(X ×C Y , Z) → CM
(
X,CM(Y , Z)
)
,
e :kCCM
(
kC(X × Y ), Z
)→ kCCM(kC X,kCCM(kCY , Z)),
e :CM
(
kC(X × Y ), Z
)→ CM(kC X,CM(kCY , Z))
in Theorems 4.1, 4.4 and 4.7, respectively.
Theorem 4.1. If C ⊂ E , then the following conditions are equivalent.
(1) If K , L ∈ C , then K × L ∈ C [Axiom (P)].
(2) X ×C (Y ×C Z) ∼= (X ×C Y )×C Z for any spaces X, Y , Z ∈ T op.
(3) e :CM(X ×C Y , Z) → CM(X,CM(Y , Z)) is a natural homeomorphism for any spaces X, Y , Z ∈ T op.
Proof. Conditions (1) and (2) are equivalent by Theorem 3.12. Condition (1) implies (3) by Theorem 3.13. We have to show
that (3) implies (1): Suppose K , L ∈ C and consider the following commutative diagram:
M(K × L, Z) e∼=
(1K×L)∗
M(K ,M(L, Z))
CM(K × L, Z) e∼= CM(K ,CM(L, Z))
We see K × L ∈ E since K , L ∈ C ⊂ E , and the identity function M(K × L, Z) → CM(K × L, Z) is continuous. The upper
exponential function e is a homeomorphism by Lemma 2.4 of [11]. The lower exponential function e is a homeomor-
phism by (3) and the fact that K ×C L = K × L since L ∈ C . The vertical function on the right-hand side is identical
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that M(K × L, Z) = CM(K × L, Z) and hence we have condition (1) of Proposition 3.9 and hence K × L ∈ C by (2) of the
proposition. 
In Theorem 4.4 we see that Axiom (˜P) below characterizes the exponential homeomorphism in the category of kC-spaces
(cf. Deﬁnition 3.5 of [11]):
(˜P) K × L ∈KC for any K , L ∈ C .
The following implication holds.
Proposition 4.2. (P) ⇒ (˜P).
Proposition 4.3. Assume that C ⊂ E and C satisﬁes (˜P). Let X and Y be kC-spaces. If X or Y is exponentiable, then X×Y is a kC-space.
Proof. Assume that X is exponentiable (the case where Y is exponentiable is proved similarly). Then X × Y has the ﬁnal
topology of the class
{1X ×ψ : X × L → X × Y | ψ ∈ CY }
by Proposition 3.1, and each X × L has the ﬁnal topology of the class
{ϕ × 1L : K × L → X × L | ϕ ∈ CX }
since C ⊂ E . Hence X × Y ∈KC since K × L ∈KC by the assumption (˜P). 
Theorem 4.4. If C ⊂ E , then the following conditions are equivalent.
(1) If K , L ∈ C , then K × L ∈KC [Axiom (˜P)].
(2) If X ∈KC and L ∈ C , then X × L ∈KC .
(3) kC(X × Y ) = kC X ×C kCY for any spaces X, Y ∈ T op.
(4) e :T op(kC(X × Y ), Z) → T op(kC X,CM(kCY , Z)) is a natural set bijection for any spaces X, Y , Z ∈ T op.
(5) e :kCCM(kC(X × Y ), Z) → kCCM(kC X,kCCM(kCY , Z)) is a natural homeomorphism for any spaces X, Y , Z ∈ T op.
Proof. (1) ⇒ (2): By Proposition 4.3.
(2) ⇒ (3): The topology of kC X ×C kCY is the ﬁnal topology of the class
{
(ca,1kCY )
∣∣ a ∈ kC X}∪ {1kC X ×ψ | ψ ∈ CkCY }.
For any ψ : K → kCY with K ∈ C , we see kC X × K ∈ KC by (2). Therefore kC X ×C kCY has the ﬁnal topology of maps from
kC-spaces and hence a kC-space.
(3) ⇒ (4): By Theorem 2.11.
(4) ⇒ (5): (Cf. proof of Theorem 3.13.) We remark that T op(kC X,CM(kCY , Z)) = T op(kC X,kCCM(kCY , Z)). Condition (4)
then implies a bijection
e :T op(kC(kC X × kCY ), Z)→ T op(kC X,kCCM(kCY , Z)).
It follows that the evaluation function
ev :kC
(
kCCM(kCY , Z)× kCY
)→ Z
is continuous. Let X⊗C Y = kC(X×Y ) = kC(kC X×kCY ) for any spaces X, Y ∈ T op. Then the identity function A: X⊗C (Y ⊗C
Z) ∼= (X ⊗C Y )⊗C Z is a homeomorphism for any spaces X, Y , Z ∈ T op. Hence the proof of Theorem 3.13 can be applied if
one replaces CM by kCCM , ×C by ⊗C , and spaces X , Y by kC X , kCY , respectively.
(5) ⇒ (1): Assume that K , L ∈ C . Condition (5) implies (4). Hence all the functions in the following sequence are bijec-
tions:
T op(kC(K × L), Z) e−→ T op(K ,kCCM(L, Z))
= T op(K ,CM(L, Z))= T op(K ,M(L, Z)) e←− T op(K × L, Z).
It follows that T op(K × L, Z) = T op(kC(K × L), Z) for any space Z , and hence kC(K × L) = K × L. 
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(1) Assume that C ⊂ E . If A, X and Y are any topological spaces and f : A → X is an identiﬁcation map, then the product map
f ×C 1Y : A ×C Y → X ×C Y is an identiﬁcation map.
(2) Assume that C ⊂ E and C satisﬁes Axiom (˜P). If A, B, X and Y are kC-spaces and f : A → X and g : B → Y are identiﬁcation
maps, then the product map f ⊗C g : A ⊗C B → X ⊗C Y is an identiﬁcation map.
Proof. (1) is obtained by a method similar to the proof of Proposition 3.1 with Theorem 2.11. (2) is obtained by (1) and
Theorem 4.4(3). 
Remark 4.6. (1) Theorem 4.5(2) is proved by Theorem 5.4(i) of Escardó, Lawson and Simpson [11]. The proof of Theorem 4.5
is a categorical one and can be used in various categorical settings, for example; Corollary 3.8 of Vogt [26], 4.7 Proposition
of Wyler [28] and 5.9.10 (Corollary) of Brown [7].
(2) Escardó, Lawson and Simpson proved that if C is productive (Deﬁnition 3.5 of [11]) then the exponential bijection
holds in KC by Theorem 3.6 of [11], which includes the case KLcpt of Vogt (Theorem 5.3 of [26]). We remark that C is
productive by deﬁnition if C ⊂ E and C satisﬁes (˜P).
Theorem 4.7. If C ⊂ E , then the following conditions are equivalent.
(1) If K , L ∈ C , then K × L ∈ C ∩KC [Axioms (P) and (˜P)].
(2) e :CM(kC(X × Y ), Z) → CM(kC X,CM(kCY , Z)) is a natural homeomorphism for any spaces X, Y , Z ∈ T op.
Proof. (1) ⇒ (2): We have the result by Theorems 4.1 and 4.4.
(2) ⇒ (1): In the proof of ‘(5) ⇒ (1)’ of Theorem 4.4, we only use the bijection
e :T op(kC(X × Y ), Z)→ T op(kC X,kCCM(kCY , Z))= T op(kC X,CM(kCY , Z)),
which is implied by (2). We then have K × L ∈ KC for any K , L ∈ C [Axiom (˜P)] by the same method as the proof of
‘(5) ⇒ (1)’ of Theorem 4.4. For any K , L ∈ C , condition (2) implies a homeomorphism
e :CM(K × L, Z) ∼= CM
(
K ,CM(L, Z)
)
,
since K × L ∈ KC by the result above. It follows then that K × L ∈ C [Axiom (P)] by the same method as the proof of
‘(3) ⇒ (1)’ of Theorem 4.1. 
4.2. The classes C , Ĉ and C˜
We see that the properties (P), (P) and (˜P) are closely connected with each others by the following propositions. We ﬁrst
show that the class C enjoys the following properties.
Proposition 4.8. If C ⊂D ⊂ T op, then C ⊂D.
Proof. If Q ∈ C , then X×C Q = X× Q and hence the identity function X× Q → X×D Q is continuous, or X× Q = X×D Q
which means that Q ∈D. 
Proposition 4.9. The following hold for any subclass C of T op.
(1) ×C = ×C :T op× T op→ T op.
(2) C = C .
(3) If Yλ is in C for any λ ∈ Λ, then so is their disjoint union∐λ∈Λ Yλ .
Proof. (1) Since C ⊂ C , the identity function 1X×Y : X ×C Y → X ×C Y is continuous. Conversely, we see that the identity
function 1′X×Y : X ×C Y → X ×C Y is continuous, since (1′X×Y ) ◦ (1 × Φ) : X × Q → X ×C Y → X ×C Y is continuous for
any Φ ∈ CY , say Φ : Q → Y for Q ∈ C , by the following commutative diagram (we see that the condition Q ∈ C implies
X ×C Q = X × Q = X ×C Q ):
X × Q
1×Φ
X ×C Q
1×CΦ
X ×C Y 1′ X ×C YX×Y
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(3) Assume that Yλ ∈ C for any λ ∈ Λ. By Proposition 2.22, there are homeomorphisms
X ×C (∐λ∈ΛYλ) ∼=
∐
λ∈Λ(X ×C Yλ) ∼=
∐
λ∈Λ(X × Yλ) ∼= X × (
∐
λ∈ΛYλ).
It follows that
∐
λ∈Λ Yλ ∈ C . 
Proposition 4.10. Assume that C ⊂ E . Then the following hold.
(1) C ⊂ C ⊂ E ; CM(Y , Z) = M(Y , Z) for any spaces Y ∈ C and Z ∈ T op.
(2) CM = CM :T opop × T op→ T op.
(3) C satisﬁes (P) if and only if C satisﬁes (P).
Proof. (1) If Y ∈ C , then X ×C Y = X × Y for any space X and hence Y ∈ E by Theorem 2.11 and CM(Y , Z) = M(Y , Z) by
Proposition 3.9.
(2) Since C ⊂ C , the identity function 1C :CM(Y , Z) → CM(Y , Z) is continuous for any spaces Y , Z ∈ T op, where CM(Y , Z)
is the function space deﬁned by Deﬁnition 2.4 making use of the class C . Conversely, we see that the identity function
1′C :CM(Y , Z) → CM(Y , Z) is continuous, since Φ∗ ◦ 1′C :CM(Y , Z) → CM(Y , Z) → M(Q , Z) is continuous for any Φ ∈ CY ,
say Φ : Q → Y for Q ∈ C , by the following commutative diagram
CM(Y , Z)
1′C
Φ∗
CM(Y , Z)
Φ∗
CM(Q , Z) M(Q , Z)
where CM(Q , Z) = M(Q , Z) by (1).
(3) If C satisﬁes (P), then ×C is associative by Theorem 4.1 under the assumption C ⊂ E . It follows that for any Q , R ∈ C
and any X ∈ T op, the equalities
X ×C (Q × R) = X ×C (Q ×C R) = (X ×C Q )×C R = (X × Q )× R = X × (Q × R)
hold and hence Q × R ∈ C . Conversely, suppose that C satisﬁes (P). Then for any K , L ∈ C , we have K , L ∈ C by (1) and
hence K × L ∈ C , which is Axiom (P) for C . 
Remark 4.11. If we deﬁne C′′ = {∐λ∈Λ Kλ | Kλ ∈ C for some index set Λ}, then by Proposition 2.22 we see
C ⊂ C′′ ⊂ {L | L ∼= K for some K ∈ C′′} ⊂ C = C′′.
A similar result holds for C′ = {∐λ∈Λ Kλ | Kλ ∈ C for some ﬁnite index set Λ}.
We now deﬁne classes Ĉ and C˜ and study some properties of them.
Deﬁnition 4.12. Ĉ = {Y ∈ T op | X × Y ∈KC for any X ∈KC} and C˜ = Ĉ ∩ E .
Proposition 4.13. The following hold for any subclass C of T op.
(1) Ĉ satisﬁes (P).
(2) Ĉ ⊂KC .
(3) Assume that C ⊂ E . Then C satisﬁes (˜P) if and only if C ⊂ Ĉ .
(4) Assume that C ⊂ E . If C satisﬁes (˜P), thenKC =KĈ , and hence Ĉ = Ĉ .
Proof. (1) is obtained by the associativity of the product ×, that is, (X × Q ) × R = X × (Q × R) for any Q , R ∈ Ĉ and
any X ∈ KC . (2) If Q ∈ Ĉ , then X × Q ∈ KC for any X ∈ KC by deﬁnition; put X = {∗} in this formula, then we have
Q = {∗} × Q ∈KC . (3) By Theorem 4.4(1) and (2). (4) Since C ⊂ Ĉ ⊂KC by (2) and (3), we have KC =KĈ . (If C ⊂D ⊂KC ,
then KC =KD by Proposition 1.5(b) of Vogt [26].) 
The following results are closely connected with the saturation of Deﬁnition 5.2 in Escardó, Lawson and Simpson [11].
Proposition 4.14. The following hold for any subclass C of T op.
(1) C˜ satisﬁes (P).
(2) C˜ ⊂KC ∩ E .
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(4) Assume that C ⊂ E . If C satisﬁes (˜P), then KC =KC˜ , and hence C˜ = C˜ .
(5) If C ⊂ E and C satisﬁes (˜P), then KC ∩ E = C˜ .
(6) If C ⊂D ⊂ E and D satisﬁes (˜P), then C˜ ⊂ D˜.
Proof. (1) Since both Ĉ and E satisfy (P) by Proposition 4.13(1) and Lemma 2.4 of [11], we see that C˜ = Ĉ ∩ E satisﬁes (P).
(2) By Proposition 4.13(2). (3) By Proposition 4.13(3).
(4) Since C ⊂ C˜ ⊂KC by (2) and (3), we have KC =KC˜ , and hence Ĉ = ̂˜C . It follows that C˜ = Ĉ ∩ E = ̂˜C ∩ E = C˜ .
(5) If Q ∈ KC ∩ E , then X × Q ∈ KC for any space X ∈ KC by Proposition 4.3, or Q ∈ C˜ . We know C˜ ⊂ KC ∩ E by (2)
and hence the equality KC ∩ E = C˜ holds.
(6) Suppose that Q ∈ C˜ = Ĉ ∩ E . Then Q ∈KC ⊂KD by Proposition 4.13(2). It follows that Q ∈KD ∩ E = D˜ by (5). 
5. The C-open topology for function spaces and exponentiability
For any pair of subsets A ⊂ Y and U ⊂ Z , we deﬁne a subset
W (A,U ) = { f ∈ T op(Y , Z) ∣∣ f (A) ⊂ U}
of T op(Y , Z). Let W (ϕ,U ) = W (Imϕ,U ) for any function ϕ : K → Y and any subset U ⊂ Z . The space C(Y , Z) is the set
T op(Y , Z) endowed with the topology generated by the subbase {W (ϕ,U ) | ϕ ∈ CY and U ∈O(Z)}. The topology of C(Y , Z)
is called the C-open topology or the C-test-open topology [16,7]. The result of the following proposition is known and used,
for example, in the proofs of Proposition 2.3 of Wyler [28] and Theorem 6.2.25 of Maunder [21].
Proposition 5.1. Let Y , Y ′ , Z , Z ′ be any spaces. Any maps f : Y ′ → Y and g : Z → Z ′ induce a function
T op( f , g) = f ∗ ◦ g∗ = g∗ ◦ f ∗ :T op(Y , Z) → T op(Y ′, Z ′).
The relation
T op( f , g)−1(W (ϕ,U ))= W ( f ◦ ϕ, g−1(U ))
holds for any function ϕ : K → Y ′ and any subset U of Z ′ .
The following two theorems are direct consequences of Proposition 5.1.
Theorem 5.2. C :T opop × T op→ T op is a function-space functor on T op.
Theorem 5.3. Let ϕ∗ :C(Y , Z) → C(K , Z) be the function induced by a map ϕ : K → Y . Then the relations
(ϕ∗)−1
(
W (1K ,U )
)= W (ϕ,U ) and (ϕ∗)−1(W (ψ,U ))= W (ϕ ◦ψ,U )
hold for any U ∈O(Z) and any ψ ∈ CK . Hence the C-open topology C(Y , Z) coincides with the initial topology induced by the family
of functions
{
ϕ∗ :T op(Y , Z) → C(K , Z) ∣∣ ϕ ∈ CY }.
Remark 5.4. For any subclass C of T op, the C-open topology C(Y , Z) is deﬁned for any spaces Y , Z ∈ T op, and the last
statement of Theorem 5.3 can be expressed as Cm(Y , Z) = CC (Y , Z) = C(Y , Z) for any spaces Y , Z ∈ T op, where m =
C :Cop × T op→ T op, the C-open topology restricted to Cop × T op. If the relation M = C :Cop × T op→ T op holds, then by
Theorem 5.3 we see
CM(Y , Z) = CC (Y , Z) = C(Y , Z)
for any Y , Z ∈ T op, namely, CM = CC = C :T opop × T op→ T op.
Some examples for subclasses C of T op are given in Example 5.15. If C = Ccpt and m = Ccpt :Copcpt × T op → T op, for
example, then we see that Cm(Y , Z) = (Ccpt)Ccpt (Y , Z) = Ccpt(Y , Z) for any Y , Z ∈ T op. However, for C ⊂ E , the function
space CCcpt (Y , Z)(= Cm(Y , Z)) is not always equal to Ccpt(Y , Z). In the case where C =Lcpt, we see M = Ccpt :Lopcpt ×T op→
T op; a suﬃcient condition on the space Y was obtained for Cm(Y , Z) = LcptM(Y , Z) = Ccpt(Y , Z) in Proposition 3.15.
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We introduce two axioms for the class C , which characterize exponentiability for the C-open topology.
(Pr) C :Cop × T op→ T op is a proper function-space functor on C .
That is to say, the class C satisﬁes Axiom (Pr) if and only if the exponential function e :T op(X × L, Z) → T op(X,C(L, Z))
is well deﬁned for any space L ∈ C and any spaces X, Z ∈ T op.
Vogt considered the following axiom for C in [26] (Axiom 2(b)):
(Adcpt) The evaluation function ev :Ccpt(K , Z)× K → Z is continuous for any space K ∈ C and any space Z ∈ T op.
We introduce the corresponding axiom for the C-open topology:
(Ad) C :Cop × T op→ T op is an admissible function-space functor on C .
Hence the class C satisﬁes Axiom (Ad) if and only if the evaluation function ev :C(K , Z) × K → Z is continuous for any
space K ∈ C and any space Z ∈ T op.
The inclusion C ⊂ E does not imply (Pr) nor (Ad) for C , which are axioms for the C-open topology. However, we have
the following conclusions.
Theorem 5.5. The following conditions are equivalent.
(1) C satisﬁes (Pr) and (Ad).
(2) C ⊂ E and C = M :Cop × T op→ T op.
(3) C ⊂ E and C = CM :T opop × T op→ T op.
Proof. (1) ⇒ (2): Assume that C satisﬁes (Pr) and (Ad). Let L ∈ C be any space. The exponential function e :T op(X× L, Z) →
T op(X,C(L, Z)) is well deﬁned for any L ∈ C and any spaces X, Z ∈ T op by (Pr), and it is surjective by (Ad). It follows that L
is exponentiable or L ∈ E with the C-open topology C(L, Z) for any space Z ∈ T op. It follows that C(L, Z) = M(L, Z) for any
L ∈ C and Z ∈ T op.
(2) ⇒ (3): By Theorem 5.3.
(3) ⇒ (1): If C ⊂ E , then e :T op(X×C Y , Z) → T op(X,CM(Y , Z)) is a well-deﬁned bijection for any spaces X, Y , Z ∈ T op
by Theorem 2.11. It follows that
e :T op(X × K , Z) → T op(X,C(K , Z))
is a well-deﬁned bijection for any K ∈ C and any X, Z ∈ T op since C = CM :T opop × T op → T op by assumption. Hence C
satisﬁes conditions (Pr) and (Ad). 
Remark 5.6. Suppose that C ⊂ E : If C satisﬁes (Pr), then the identity function M(K , Z) → C(K , Z) is continuous for any
K ∈ C , and hence the identity function CM(Y , Z) → C(Y , Z) is continuous for any spaces Y , Z ∈ T op. If C satisﬁes (Ad), then
the identity function C(K , Z) → M(K , Z) is continuous for any K ∈ C , and hence the identity function C(Y , Z) → CM(Y , Z)
is continuous for any spaces Y , Z ∈ T op, cf. (3.7) Theorem of Arens and Dugundji [1].
Theorem 5.7.
(1) The class C satisﬁes (Pr) and (Ad) if and only if the exponential function
e :T op(X ×C Y , Z) → T op
(
X,C(Y , Z)
)
is a well-deﬁned bijection for any spaces X, Y , Z ∈ T op.
(2) The class C satisﬁes (Pr), (Ad) and (P) if and only if the exponential function
e :C(X ×C Y , Z) → C
(
X,C(Y , Z)
)
is a homeomorphism for any spaces X, Y , Z ∈ T op.
Proof. (1) By Theorems 5.5 and 2.11 we have the result.
(2) If C satisﬁes (Pr) and (Ad), then C ⊂ E and C = CM :T opop × T op → T op by Theorem 5.5 and hence e is a homeo-
morphism with the additional Axiom (P) by Theorem 3.13. Converse assertion is obtained by Theorems 5.5 and 4.1. 
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(1) The class C satisﬁes (˜P) if and only if the exponential function
e :kCC(X ⊗C Y , Z) → kCC
(
kC X,kCC(kCY , Z)
)
is a homeomorphism for any spaces X, Y , Z ∈ T op.
(2) The class C satisﬁes (P) and (˜P) if and only if the exponential function
e :C(X ⊗C Y , Z) → C
(
kC X,C(kCY , Z)
)
is a homeomorphism for any spaces X, Y , Z ∈ T op.
Proof. We note that X ⊗C Y = kC(X × Y ) for any spaces X, Y ∈ T op by deﬁnition. As is remarked in the poof of Theo-
rem 5.7(2), if C satisﬁes (Pr) and (Ad), then C ⊂ E and CM(Y , Z) = C(Y , Z) for any spaces X, Z ∈ T op. Then the result (1)
follows by Theorem 4.4, and the result (2) by Theorem 4.7. 
5.2. Some examples
A space or its subspace is said to be C-imaged if it is the image of a C-test map. A space is said to be locally C-imaged
if each point of it has a fundamental system of C-imaged neighborhoods (cf. [16]). Axioms (C), (P) and (L) for C were used
in [17] to study the C-open topology for function spaces. We begin by recalling the following axiom:
(C) Any space in C is compact.
We ﬁrst remark the following result.
Proposition 5.9. If C satisﬁes Axiom (C) and Y is locally C-imaged, then the identity function ε2 : X ×C Y → X × Y is a natural
homeomorphism.
Proof. Let U be an open set of X ×C Y . Let (x, y) ∈ U be any point. Let ix = (cx,1Y ) : Y → X ×C Y be a map deﬁned by
ix(s) = (x, s) for any s ∈ Y . Since Y is locally C-imaged, for y ∈ (ix)−1(U ) ⊂ Y , there exists a map ϕ : L → Y (L ∈ C) such that
y ∈ Int(Imϕ) ⊂ Imϕ ⊂ (ix)−1(U ). We see {x} × L ⊂ (1X × ϕ)−1(U ) ⊂ X × L for the map 1X × ϕ : X × L → X ×C Y . Since L is
compact, there exists an open neighborhood V of x such that V × L ⊂ (1X ×ϕ)−1(U ). It follows that (x, y) ∈ V × Int(Imϕ) ⊂
V × Imϕ ⊂ U in X × Y . Hence U is an open set in X × Y . 
Proposition 5.10. If C satisﬁes Axiom (C), then the exponential function
e :T op(X × Y , Z) → T op(X,C(Y , Z))
is well deﬁned for any spaces X, Y , Z ∈ T op.
Proof. We see that the exponential function e :T op(X × Y , Z) → T op(X,Ccpt(Y , Z)) is well deﬁned for any space Y ∈ T op
by Lemma 1 of [12] and the identity function 1C :Ccpt(Y , Z) → C(Y , Z) is continuous for any space Y ∈ T op by Axiom (C)
for C . It follows that e :T op(X × Y , Z) → T op(X,C(Y , Z)) is well deﬁned for any Y ∈ T op. 
If C satisﬁes Axiom (C), then we have a proper function-space functor C :Cop×T op→ T op by restricting the exponential
function in Proposition 5.10. Hence the following implication holds:
Proposition 5.11. (C) ⇒ (Pr).
Remark 5.12. Concerning Proposition 5.11, Fox proved that the compact-open topology is proper by Lemma 1 of [12]. Arens
and Dugundji proved that ‘if all the sets in {A} are compact, then the {A}-open topology in ZY is proper’ by (4.21) Theorem of [1].
Booth and Tillotson showed that if the spaces in C are compact and F : X ×C Y → Z is continuous then e(F ) : X → C(Y , Z) is
continuous by Proposition 2.1 of [3].
The following result is obtained by Lemma 7(i) of [16].
Proposition 5.13. If Y is locally C-imaged, then the evaluation function ev :C(Y , Z)× Y → Z is continuous for any space Z .
The result of Proposition 5.13 enables us to deﬁne another axiom:
(L) Any space in C is locally C-imaged.
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Theorem of [1]. By Lemma 7(i) of [16] or Proposition 5.13 quoted above, the following implication holds.
Proposition 5.14. (L) ⇒ (Ad).
Example 5.15. The following examples for C are known (see Remark 3.8(2) for the terminology in this paper).
Ccpt = {X | X is a compact space} satisﬁes (C) and (P);
C2 = {X | X is a compact Hausdorff space} satisﬁes (C), (P) and (L) (cf. Vázquez [25, 5.2.5], Clark (cf. Booth [2, p. 274]),
McCord [22, p. 275], Vogt [26, 5(ii)], Wyler [28, 3.5.4], Booth and Tillotson [3, 8(iv)], Brown [7, p. 175], [16, p. 116]);
C3 = {X | X is a compact regular space} satisﬁes (C), (P) and (L) (cf. Vázquez [25, 5.2.4], [16, p. 116]);
Clc = {X | X is a compact and locally compact space} satisﬁes (C), (P) and (Adcpt);
Ccs = {N+} satisﬁes (C) and (L), where N+ = N ∪ {ω} is the one point compactiﬁcation of the set of natural numbers N
with discrete topology (cf. Brown [6], Guthrie [14], Wyler [28, 3.5.3], Booth and Tillotson [3, 6(i)]);
Lcpt = {X | X is a locally compact space} satisﬁes (P) (cf. Vogt [26, 5(iv)]);
HLcpt = {X | X is a locally compact Hausdorff space} satisﬁes (P) (cf. Vogt [26, 5(iii)], Booth and Tillotson [3, 1.4(ii)]);
Cp = {X | X is a one point set} satisﬁes (C), (P) and (L) (cf. Vogt [26, 5(i)]); C′p = {X | X is a ﬁnite set} satisﬁes (C), (P)
and (L) (cf. Wyler [28, 3.5.1], Booth and Tillotson [3, 8(iii)]).
Let Sn be the n-sphere, In the product of n unit intervals, Bn the closed n-ball (n-disc) and n the n-simplex for
each integer n ∈ N, and S0 = {−1,1}, I0 = B0 = 0 = {1}. The class {Sn | n ∈ N ∪ {0}} satisﬁes (C) and (L); The classes
{In | n ∈N∪ {0}} (cf. Day [8, p. 6], Booth and Tillotson [3, 8(vii)]), {Bn | n ∈N∪ {0}} and {n | n ∈N∪ {0}} satisfy (C), (P), (˜P)
and (L).
Remark 5.16. The kC-space, the BBT-product, two constructions of function spaces (namely, Cm(X, Z) in Deﬁnition 2.4 and
the C-open topology C(X, Z)) and C (cf. Deﬁnition 3.10) remain the same if we use the class {L | L ∼= K for some K ∈ C}
in place of the class C . Therefore, we may identify the classes C and {L | L ∼= K for some K ∈ C} for the constructions
mentioned above. The class {L | L ∼= K for some K ∈ C} is the same for C = {In | n ∈ N ∪ {0}}, {Bn | n ∈ N ∪ {0}} and {n |
n ∈ N ∪ {0}} and satisﬁes Axiom (P); hence we may regard that these three classes satisfy Axiom (P), although, strictly
speaking, these classes do not satisfy Axiom (P).
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